ABSTRACT. In this paper we consider the generalized order-k Fibonacci and Lucas numbers. We give the generalized Binet formula, combinatorial representation and some relations involving the generalized order-k Fibonacci and Lucas numbers.
Introduction.
We consider the generalized order-k Fibonacci and Lucas numbers. In [1] Er defined k sequences of the generalized order-k Fibonacci numbers as shown: 
Also, Er showed that
Moreover, Er showed that G 1 = A and G n = A n . The matrix A is said to be the generalized order-k Fibonacci matrix. Furthermore, in [3] , recently Karaduman proved that
In [5] , we showed ⎡
. . .
and derived
and showed that
which is a well-known fact for k = 2, see [6] .
2. Some relations involving the generalized order-k Fibonacci and Lucas numbers. In this section we present and extend some relationships between the generalized order-k Fibonacci and Lucas numbers by matrix methods. From [1] , it is well known that, for all positive integers n, m and 1
where g i n is the generalized order-k Fibonacci number. We note that, for example, if k = 2, then {g
and, since g
Indeed, we generalize the following relation between Fibonacci numbers 
Proof. From [6] , we know that H n = G n K, so we can write that
Thus, we obtain
so the proof is completed.
For example, if k = 2, then g 2 n and l 2 n are the usual Fibonacci and Lucas number, respectively; then
and, since g 1 n = g 2 n+1 for i = 1, k = 2, and all n ∈ Z + , we write
Indeed, we generalize the following relation involving Lucas and Fibonacci numbers,
Then we have the following corollary.
Also we note that
Then we have the following corollary. 
In [4] Levesque gave a Binet formula for the Fibonacci sequence. In this paper, we derive a generalized Binet formula for the generalized order-k Fibonacci and Lucas sequence by using the determinant.
Generalized Binet formula.
Let f (λ) be the characteristic polynomial of the generalized order-k Fibonacci matrix A. Then 
. . . 
Proof. Since the eigenvalues of A are distinct, A is diagonalizable. It is easy to show that AV
, it is known that G n = A n . So we can write that
Then we have the following linear system of equations:
And, for each j = 1, 2, . . . , k, we get
So the proof is complete. 
.
Proof.
If we take i = 1 and j = k, then t 1,k = g k n . Also, employing Theorem 2, the proof is immediately seen. Now we are going to give a generalized Binet formula for the generalized order-k Lucas sequence. Firstly, we give a lemma for a relationship between the generalized order-k Fibonacci and Lucas numbers. 
Proof. We will use the induction method to prove that l 
So the equation holds for n + 1. Thus the proof is complete.
For example, if k = 2, {l 2 n } is the usual Lucas sequence, {L n }, and {g 2 n } is the usual Fibonacci sequence, {F n }, then it is a well-known fact that
If k = 4 and n = 9, then Then we have the following theorem.
Proof. From Lemma 1, we know that l 
So the proof is complete.
For a further generalization of Theorem 3, we give a lemma which is immediately seen from equation (1.3). 
Then we obtain the following theorem. 
and Lemma 2, we obtain for
, and by using Theorem 2, the proof is immediately seen. Also we know from [1] that G n ia as in (1.2):
Lemma 3 [4] .
where the summation is over nonnegative integers satisfying m 1 +2m 2 + · · · + km k = n − i + j and defined to be 1 if n = i − j. 
where the summation is over nonnegative integers satisfying m 1 +2m 2 + · · · + km k = n − 1 + k.
Proof. In Lemma 2, if we take i = 1 and j = k, then the conclusion can be directly from (1.2). 
where the summation is over nonnegative integers satisfying d 1 + 2d 2 + · · · + kd k = n − 2 + k.
Proof. In Lemma 3, if we take i = 2 and j = k, then the conclusion follows directly from (1.2).
From Corollaries 4 and 5 and Lemma 1, we have the following corollary. 
where the summation is over nonnegative integers satisfying m 1 +2m 2 + · · · + km k = n − 1 + k and d 1 + 2d 2 + . . . + kd k = n − 2 + k.
